We show that for dynamically convex contact forms in three dimensions, the cylindrical contact homology differential ∂ can be defined by directly counting holomorphic cylinders for a generic almost complex structure, without any abstract perturbation of the Cauchy-Riemann equation. We also prove that ∂ 2 = 0. Invariance of cylindrical contact homology in this case can be proved using S 1 -dependent almost complex structures, similarly to work of Bourgeois-Oancea; this will be explained in another paper.
1 Introduction and statement of results
Introduction
Cylindrical contact homology, introduced by Eliashberg-Givental-Hofer [9] , is in principle an invariant of contact manifolds (Y, ξ) that admit a contact form λ without contractible Reeb orbits of certain gradings. The cylindrical contact homology of (Y, ξ) is defined by choosing a nondegenerate such contact form λ and taking the homology of a chain complex over Q which is generated by "good" Reeb orbits, and whose differential ∂ counts J-holomorphic cylinders in R × Y for a suitable almost complex structure J. Unfortunately, in many cases there is no way to choose J so as to obtain the transversality for holomorphic cylinders needed to define ∂ and to show that ∂ 2 = 0 and that the homology is invariant. Thus, to define cylindrical contact homology in general, some kind of "abstract perturbation" of the J-holomorphic curve equation is needed, for example using polyfolds or Kuranishi structures, and this is still a work in progress.
Although such abstract methods should be able to define contact homology in general, for computations and applications it is often desirable to have a more explicit geometric definition of the chain complex, in those special situations when this is possible. The goal of this paper is to show that for "dynamically convex" contact forms λ in three dimensions, and for generic almost complex structures J, one can in fact define the differential ∂ by counting J-holomorphic cylinders without any abstract perturbation. We also show that ∂ 2 = 0. (When π 1 (Y ) contains torsion we make one additional assumption, which can be removed if a certain technical conjecture holds.)
Previously, the paper [1] claimed to show that cylindrical contact homology is well-defined and invariant for dynamically convex contact forms on S 3 . However the argument had two gaps: First, a certain kind of breaking of index 2 cylinders that could potentially interfere with the compactness argument in the proof that ∂ 2 = 0 was not considered, see Proposition 2.8(c) below. Second, S 1 -dependent almost complex structures were used to guarantee transversality of the moduli spaces of holomorphic cylinders. However, breaking the S 1 symmetry invalidates the gluing property needed to prove ∂ 2 = 0 and the chain map and chain homotopy equations 1 . We deal with the first issue by using intersection theory of holomorphic curves to show that the troublesome breaking cannot occur for generic J. To deal with second issue, we use index calculations to show that one can already obtain the transversality needed to define ∂ and prove that ∂ 2 = 0 using a generic almost complex structure, without breaking the S 1 symmetry. Next one would like to show that cylindrical contact homology is an invariant of three-manifolds with contact structures that admit dynamically convex contact forms, by counting holomorphic cylinders in cobordisms to define chain maps and chain homotopies. It turns out that generic (S 1 -independent) almost complex structures do not give sufficient transversality to count index zero cylinders in cobordisms to define chain maps, see Remark 2.7 below. Instead, as we explain in the sequel [14] , one can prove this topological invariance using S 1 -dependent almost complex structures similarly to [6] . In fact, the proof of invariance shows that cylindrical contact homology lifts to an invariant with integer coefficients, see Remark 1.9.
Holomorphic cylinders
We now set up some notation for holomorphic cylinders in the symplectization of a contact three-manifold.
Let Y be a closed three-manifold with a contact form λ. Let ξ = Ker(λ) denote the associated contact structure, and let R denote the associated Reeb vector field.
A Reeb orbit is a map γ : R/T Z → Y for some T > 0 such that γ ′ (t) = R(γ(t)), modulo reparametrization. We do not assume that γ is an embedding. For a Reeb orbit as above, the linearized Reeb flow for time T defines a symplectic linear map
The Reeb orbit γ is nondegenerate if P γ does not have 1 as an eigenvalue. The contact form λ is called nondegenerate if all Reeb orbits are nondegenerate; generic contact forms have this property. Fix a nondegenerate contact form below. A (nondegenerate) Reeb orbit γ is elliptic if P γ has eigenvalues on the unit circle, positive hyperbolic if P γ has positive real eigenvalues, and negative hyperbolic if P γ has negative real eigenvalues. If τ is a homotopy class of trivializations of ξ| γ , then the Conley-Zehnder index CZ τ (γ) ∈ Z is defined, see the review in §2.1. The parity 1 One can correct for this failure of gluing, but one is then naturally led to a "Morse-Bott" version of the chain complex, with two generators for each Reeb orbit, analogous to [5] . The homology of this Morse-Bott chain complex is not the desired cylindrical contact homology, but rather a "non-equivariant" version of it. The cylindrical contact homology that we want can be regarded as an "S 1 -equivariant" version of the latter homology, and recovering this requires an additional construction as in [6] .
of the Conley-Zehnder index does not depend on the choice of trivialization τ , and is even when γ is positive hyperbolic and odd otherwise.
We say that an almost complex structure J on R × Y is λ-compatible if J(ξ) = ξ; dλ(v, Jv) > 0 for nonzero v ∈ ξ; J is invariant under translation of the R factor; and J(∂ s ) = R, where s denotes the R coordinate. Fix such a J.
If γ + and γ − are Reeb orbits, we consider J-holomorphic cylinders between them, namely maps u :
Here π R and π Y denote the projections from R × Y to R and Y respectively. We declare two such maps to be equivalent if they differ by translation of the domainby the equation
Here ǫ(u) ∈ {±1} is a sign associated to u via a system of coherent orientations as in [4, 10] , while d(u) ∈ Z >0 is the covering multiplicity of u (which is 1 if and only if u is somewhere injective). The definition (1.2) only makes sense if the moduli spaces M J 1 (α, β)/R are compact and cut out transversely. Define another operator
where d(α) ∈ Z >0 denotes the covering multiplicity of α. By counting ends of the moduli spaces M J 2 (α, β)/R, one expects (in the absence of certain contractible Reeb orbits) to obtain the equation δκδ = 0.
This equation implies that
The homology of the chain complex (CC Q (Y, λ, J), ∂) is the cylindrical contact homology CH Q (Y, λ, J). Note that a different choice of coherent orientations will lead to different signs in the differential, but the chain complexes will be canonically isomorphic. Note also that some papers use a different convention in which the differential, in our notation, is κδ instead of δκ. The operator κ defines an isomorphism between these two chain complexes, because (κδ)κ = κ(δκ), cf. [2, Rem. 3.4].
The main result
Let Y be a closed three-manifold with a nondegenerate contact form λ. Suppose that π 2 (Y ) = 0, or more generally that c 1 (ξ)| π 2 (Y ) = 0. Then for each contractible Reeb orbit γ, we can define the Conley-Zehnder index of γ by CZ(γ) = CZ τ (γ), where τ is a trivialization of ξ| γ which extends to a trivialization of ξ over a disk bounded by γ. Definition 1.1. (cf. [19] ) Let λ be a nondegenerate contact form on a closed threemanifold Y . We say that λ is dynamically convex if either:
• λ has no contractible Reeb orbits, or 
restricts to a contact form on Y . If Y is convex, then λ is dynamically convex (if it is nondegenerate, which holds for generic Y ).
The main result of this paper is the following: 
(b) In general, the hypothesis (*) can be removed from Theorem 1.3 assuming a certain technical conjecture on the asymptotics of holomorphic curves, see Remark 3.6.
(c) We expect that with similar technical work, the hypothesis of dynamical convexity can be weakened to the hypothesis that all contractible Reeb orbits γ have CZ(γ) ≥ 2, provided that whenever CZ(γ) = 2, the count of holomorphic planes asymptotic to γ is zero (this last condition will hold for example if (Y, λ) has an exact filling).
Remark 1.5 (grading). The chain complex CC Q splits into a direct sum of subcomplexes according to the homotopy classes of the Reeb orbits in the free loop space of Y . The condition c 1 (ξ)| π 2 (Y ) = 0 (which we are assuming when there are contractible Reeb orbits) implies that each of these subcomplexes has a relative Z-grading. The subcomplex generated by contractible Reeb orbits has a canonical absolute Z-grading by CZ −1.
The following theorem will be proved in the sequel [14] : Theorem 1.6. The cylindrical contact homology CH Q is an invariant of pairs (Y, ξ) where Y is a closed three-manifold, and ξ is a contact structure on Y that admits a dynamically convex contact form λ satisfying the condition (*). shows that the local contact homology chain complex is defined for generic J, and the proof of Theorem 1.6 shows that the homology depends only on the contact form in a neighborhood of γ.
(b) The proofs of Theorems 1.3 and 1.6 give a construction of cylindrical contact homology on sutured contact three-manifolds [7] admitting dynamically convex contact forms satisfying (*).
Remark 1.8 (coefficients)
. The differential ∂ = δκ, as well as the alternate differential κδ, in fact have integer coefficients (because the covering multiplicity of a holomorphic cylinder always divides the covering multiplicities of the Reeb orbits at its ends). However we do not expect the homologies of these differentials over Z to be invariant or isomorphic to each other in general. will show that there is in fact an invariant CH Z (of pairs (Y, ξ) as in the theorem) which is the homology of a chain complex CC Z over Z, such that
However the definition of CC Z is quite different; it starts with a "Morse-Bott" chain complex with two generators for each (good or bad) Reeb orbit as in [5] , and then passes to an S 1 -equivariant version similarly to [6] . We expect that CH Z agrees with the invariant SH
; the latter is a version of S 1 -equivariant symplectic homology which is an invariant of contact structures that admit dynamically convex contact forms 3 .
3 Here SH The rest of this paper is organized as follows. §2 carries out some index calculations which are needed in the compactness arguments in the proof of Theorem 1.3. §3 rules out a certain kind of breaking of index 2 cylinders which, if it happened, would cause a problem for the proof that ∂ 2 = 0. Finally, §4 discusses transversality and gluing and completes the proof of Theorem 1.3.
Index calculations
In this section we carry out some index calculations which are needed to rule out various bad degenerations in the compactness arguments to prove that ∂ is defined and ∂ 2 = 0. In this section, we always assume that λ is a nondegenerate contact form on a three-manifold Y , and J is a λ-compatible almost complex structure on R × Y . We do not assume that λ is dynamically convex or that J is generic unless otherwise stated.
Estimates on the index of multiple covers
We first obtain some estimates on the Fredholm index of certain kinds of multiply covered curves, without assuming dynamical convexity.
Recall that if u is a J-holomorphic curve with positive ends at Reeb orbits α 1 , . . . , α k and negative ends at Reeb orbits β 1 , . . . , β l , then the Fredholm index of u is given by the formula
Here χ(u) denotes the Euler characteristic of the domain of u, so if u is irreducible of genus g then
Also τ is a trivialization of ξ over the Reeb orbits α i and β j ; and c τ and CZ τ denote the relative first Chern class of u * ξ and Conley-Zehnder index with respect to τ as before.
In three dimensions there is a useful explicit formula for the Conley-Zehnder index:
CZ τ (γ) = ⌊θ⌋ + ⌈θ⌉ where θ denotes the "rotation number" of γ with respect to τ . If γ is hyperbolic, then θ is the number of times that the eigenspaces of the linearized return map (1.1) rotate with respect to τ as one goes around γ; this is an integer if γ is positive hyperbolic and an integer plus 1/2 if γ is negative hyperbolic. If γ is elliptic then θ is an irrational number (due to our assumption that all possibly multiply covered Reeb orbits are nondegenerate), see [13, §3.2] . Changing the trivialization τ will shift the rotation number θ by an integer. Also, if m is a positive integer and if γ m denotes the Reeb orbit that is a m-fold multiple cover of γ, then
where θ still denotes the rotation number of γ with respect to τ . We define a trivial cylinder to be a J-holomorphic cylinder R × γ in R × Y where γ is a Reeb orbit. We do not require γ to be embedded. Lemma 2.2. Let u be a J-holomorphic curve in R ×Y with genus zero, one positive end, and an arbitrary number of negative ends. Let u denote the somewhere injective curve covered by u, and let d denote the covering multiplicity of u over u. Let b denote the number of ramification points of this cover, counted with multiplicity.
Proof. We can choose the trivialization τ so that c τ (u) = 0, which implies that c τ (u) = 0 also. We fix such a trivialization τ and write CZ as a shorthand for CZ τ . Suppose that u has positive end at α and negative ends at β 1 , . . . , β k . Since u must have genus zero, it follows from (2.1) and (2.2) that
To obtain a similar formula for ind(u), let n denote the number of negative ends of u. By Riemann-Hurwitz we have
Let γ 1 , . . . , γ n denote the Reeb orbits at which u has negative ends (these are covers of β 1 , . . . , β k ). By the iteration formula (2.3) for the Conley-Zehnder index, we have
assuming that all Conley-Zehnder indices are computed using the same trivialization of ξ| γ . It follows from this that
Using the above two inequalities, then using equation (2.5), and finally using equation (2.6), we obtain
We now use Lemma 2.2 to deduce two index estimates in the case when J is generic which will be needed below.
Lemma 2.3. Assume that J is generic. Let u be a genus zero holomorphic curve with one positive end and n negative ends. Suppose that the somewhere injective curve u underlying u is a nontrivial cylinder. Then
Proof. Since J is generic and u is nontrivial, it follows that ind(u) > 0. Also observe that b = n − 1.
If ind(u) ≥ 2, then Lemma 2.2 implies that ind(u) ≥ 2n and we are done. It remains to treat the case where ind(u) = 1. In this case Lemma 2.2 gives 9) which in general might not be sufficient. However we can improve the inequality (2.9) as follows. Let α and β denote the Reeb orbits at which u has positive and negative ends respectively. Since u has odd index, α or β is positive hyperbolic.
If β is positive hyperbolic, then by (2.3), the inequality (2.8) can be replaced by the equality
This allows us to add d − n to the right side of (2.9) and we are done.
On the other hand, if α is positive hyperbolic, then (2.7) can be replaced by the equality
This allows us to add d − 1 to the right hand side of (2.9), and since d − 1 ≥ d − n we are also done.
Lemma 2.4. Assume that J is generic. Let u be a genus zero holomorphic curve with one positive end and n > 1 negative ends. Suppose that u is not a branched cover of a trivial cylinder. Then
Proof. Let u denote the somewhere injective curve underlying u, let d denote the covering multiplicity of u over u, and let b denote the number of branch points counted with multiplicity. If u is a cylinder, then we are done by Lemma 2.3 and the assumption that n > 1.
It remains to treat the case where u has more than one negative end. Since J is generic, we have ind(u) ≥ 1. By Lemma 2. Since k > 1, the right hand side of (2.10) is at least 5.
Low index buildings in the dynamically convex case
We now classify certain holomorphic buildings of low index in the case when λ is dynamically convex and J is generic. For our purposes, a "holomorphic building" consists of an m-tuple (u 1 , . . . , u m ), for some positive integer m, of (possibly disconnected) J-holomorphic curves u i in R × Y , called "levels". Although our notation does not indicate this, the building also includes, for each i ∈ {1, . . . , m − 1}, a bijection between the negative ends of u i and the positive ends of u i+1 , such that paired ends are at the same Reeb orbit 6 . If m > 1 then we assume that for each i, at least one component of u i is not a trivial cylinder. A "positive end" of the building (u 1 , . . . , u m ) is a positive end of u 1 , and a "negative end" of (u 1 , . . . , u m ) is a negative end of u m . The "genus" of the building (u 1 , . . . , u m ) is the genus of the Riemann surface obtained by gluing together negative ends of the domain of u i and positive ends of the domain of u i+1 by the given bijections (when this glued Riemann surface is connected). We define the Fredholm index of a holomorphic building by ind(u 1 , . . . , u m ) = m i=1 ind(u i ). Proposition 2.5. Assume that J is generic and λ is dynamically convex. Suppose that u = (u 1 , . . . , u m ) is a genus zero J-holomorphic building with one positive end and no negative ends. Then:
• If ind(u) = 2, then u has only one level (which of course is a plane).
Proof. We use induction on m.
Suppose m = 1. If u 1 has its positive end at γ, then by equation (2.1) we have ind(u 1 ) = CZ(γ) − 1. Thus the lemma follows from the definition of dynamically convex. Now let m > 1 and suppose the proposition is true for m − 1. We need to show that ind(u) > 2.
Let n denote the number of negative ends of u 1 . The holomorphic building (u 2 , . . . , u m ) is the union of n genus zero holomorphic buildings, each having one positive end corresponding to one of the negative ends of u 1 , and no negative ends. So by the inductive hypothesis we have ind(u) ≥ ind(u 1 ) + 2n.
To complete the proof we need to show that ind(u 1 ) + 2n ≥ 3.
(2.11)
If u 1 is a trivial cylinder, then we must have n > 1, so (2.11) follows from Lemma 2.1. If u 1 is a nontrivial cylinder, then (2.11) follows from Lemma 2.3. If u 1 is not a cylinder, then we must have n > 1, so (2.11) follows from Lemma 2.4.
Proof. Let u denote the somewhere injective holomorphic cylinder underlying u, let d denote the covering multiplicity of u over u, and let α and β denote the Reeb orbits at which u has positive and negative ends. Choose a trivialization τ of ξ over α and β so that c τ (u) = 0. Then c τ (u) = 0 also. Thus
Since J is generic and u is not a trivial cylinder, we have ind(u) ≥ 1. We can then choose the trivialization τ so that CZ τ (α) ≥ 0 and CZ τ (β) ≤ 0, with at least one of these inequalities being strict. Without loss of generality CZ τ (α) > 0. It then follows from (2.
Remark 2.7. Lemma 2.6 (along with most of the previous calculations) does not generalize to higher dimensional contact manifolds. Also, a four-dimensional symplectic cobordism between three-dimensional contact manifolds may contain multiply covered J-holomorphic cylinders u with ind(u) < 0 which cannot be eliminated by choosing J generically. See [22, Ex. 1.19] for an example of this involving ellipsoids.
Proposition 2.8. Assume that J is generic and λ is dynamically convex. Suppose that u = (u 1 , . . . , u m ) is a nontrivial genus zero J-holomorphic building with one positive end and one negative end. Then:
(a) ind(u) ≥ 1.
(b) If ind(u) = 1 then u has one level (which of course is a cylinder).
(c) If ind(u) = 2, then one of the following holds:
(i) u has one level.
(ii) u has two levels which are both cylinders.
(iii) u = (u 1 , u 2 ) where:
• u 1 is an index zero degree d 1 + d 2 branched cover of an embedded trivial cylinder R × γ with two negative ends, one at γ d 1 and one at γ d 2 .
• u 2 has two components; one component is the trivial cylinder R×γ with equality only if B 1 is trivial and each of B 2 , . . . , B n is an index two plane. If u 1 is a trivial cylinder, then it follows from (2.12) and Lemma 2.1 that ind(u) ≥ 2n − 2 ≥ 2. Equality holds only if n = 2 and the equality conditions for (2.12) are satisfied, which implies (iii).
If u 1 is not a trivial cylinder, then it follows from (2.12) and Lemma 2.4 that ind(u) ≥ 3.
Ruling out bad breaking
The goal of this section is to prove the following proposition, which shows that for generic J, a sequence of holomorphic cylinders cannot converge to a building as in case (iii) of Proposition 2.8(c) with d 2 = 1. Proposition 3.1. Let Y be a closed three-manifold with a nondegenerate contact form λ, and let J be a generic λ-compatible almost complex structure on R × Y . Let u = (u 1 , u 2 ) be a holomorphic building where:
• u 1 is an index zero pair of pants which is a degree d + 1 branched cover of an embedded trivial cylinder R × Y with positive end at γ d+1 and negative ends at γ d and γ.
• u 2 is the union of the trivial cylinder R × γ d and an index two holomorphic plane with positive end at γ.
Then a sequence of J-holomorphic cylinders {u(k)} k=1,... in M J (γ d+1 , γ d )/R cannot converge in the sense of [3] to (u 1 , u 2 ).
Writhe bounds
To prove Proposition 3.1, we need to recall some results about the asymptotics of holomorphic curves.
Let γ be an embedded Reeb orbit, and let N be a tubular neighborhood of γ. We can identify N with a disk bundle in the normal bundle to N, and also with ξ| γ .
Let ζ be a braid in N, i.e. a link in N such that that the tubular neighborhood projection restricts to a submersion ζ → γ. Given a trivialization τ of ξ| γ , one can then define the writhe w τ (ζ) ∈ Z. To define this one uses the trivialization τ to identify N with S 1 × D 2 , then projects ζ to an annulus and counts crossings of the projection with (nonstandard) signs. See [12, §2.6] or [13, §3.3] for details. Now let u be a J-holomorphic curve in R × Y . Suppose that u has a positive end at γ d which is not part of a multiply covered component. Results of Siefring [23, Cor. 2.5 and 2.6] show that if s is sufficiently large, then the intersection of this end of u with {s} × N ⊂ {s} × Y is a braid ζ, whose isotopy class is independent of s. We will need bounds on the writhe w τ (ζ), which are provided by the following lemma. (a) ζ is the graph in N of a nonvanishing section of ξ| γ d . Thus, using the trivialization τ to write this section as a map γ d → C \ {0}, it has a well-defined winding number around 0, which we denote by wind τ (ζ).
is odd, and ind(u) ≤ 2, then equality holds in (b).
Proof. Choose an identification N ≃ (R/Z) × D 2 compatible with the trivialization τ . The asymptotic behavior of holomorphic curves described in [17] , [23] 
where π : R/dZ → R/Z denotes the projection, and η is described as follows. Define the asymptotic operator L from the space of smooth sections of ξ| γ d to itself by
where ∇ denotes the connection on ξ| γ d defined by the linearized Reeb flow along γ. The operator L is symmetric and so its eigenvalues are real. We now have
where µ > 0 is an eigenvalue of the asymptotic operator L, while ϕ is a corresponding eigenfunction and ε > 0. It follows from the uniqueness of solutions to ODE's that the eigenfunction ϕ is nowhere vanishing. Thus the eigenfunction ϕ has a well-defined winding number around 0, and together with (3.1) this proves (a).
It is shown in [18, §3] that for each integer n, there are exactly two eigenvalues of L for which eigenfunctions have winding number n. Here and below we count eigenvalues with multiplicity. Moreover, larger winding numbers correspond to smaller eigenvalues, and the largest possible winding number for a positive eigenvalue is CZ τ (γ d )/2 . This implies (b). To prove (c), note that the same argument in [18, §3] also shows that the smallest possible winding number of an eigenfunction of L with negative eigenvalue is CZ τ (γ d )/2 . Since CZ τ (γ d ) is assumed odd, we have a strict inequality
Consequently, the two (possibly equal) eigenvalues of L whose eigenfunctions have winding number CZ τ (γ d )/2 are both positive. Thus, if equality does not hold in (b), then the eigenvalue µ in (3.1) is not one of the two smallest positive eigenvalues of L (counted with multiplicity as usual). Now, as pointed out by Chris Wendl, see [16, Rmk. 3.3] , one can use exponentially weighted Sobolev spaces to set up the moduli space of irreducible holomorphic curves in which the eigenvalue µ in (3.1) is not one of the two smallest positive eigenvalues. If J is generic, then somewhere injective holomorphic curves in this moduli space are cut out transversely, but the dimension of the moduli space is 2 less than usual. Consequently there are no nontrivial somewhere injective holomorphic curves u in this moduli space with ind(u) ≤ 2.
The analogue of (d) in an analytically simpler situation is proved in [11, §6] . This argument can be extended to the present case using the refined asymptotic analysis of Siefring [23, Thms. 2.2 and 2.3].
In fact one can improve this to
see [24] . However we will not need this here.
Symmetrically to Lemma 3.2, we also have the following: (a) ζ is the graph of a nonvanishing section of ξ| γ d , and thus has a well-defined winding number wind τ (ζ).
Counting singularities
We will also need the following inequality from intersection theory of holomorphic curves. As before, let γ be an embedded Reeb orbit with tubular neighborhood N, and let τ be a trivialization of ξ| γ .
Lemma 3.5. Let u be a J-holomorphic curve in [s − , s + ]×N with no multiply covered components and with boundary ζ + − ζ − where ζ ± is a braid in {s ± } × N. Then
where χ(u) denotes the Euler characteristic of the domain of u, and ∆(u) is a count of the singularities of u in Y with positive integer weights.
Proof. This is proved similarly to the relative adjunction formula in [11, Rmk. 3.2] .
(The relative first Chern class and relative self-intersection pairing terms there are zero in our situation.)
Proof of Proposition 3.1
The proof of Proposition 3.1 has four steps.
Step 1. We begin with some index calculations. First note that the hypothesis on u 1 forces γ to be elliptic. The reason is that by (2.1) and (2.3), a pair of pants which is a branched cover of a hyperbolic trivial cylinder has index 1.
Choose a trivialization τ of ξ| γ . Let θ ∈ R \ Q denote the rotation angle of γ with respect to τ . Then by (2.3), the Conley-Zehnder index of γ is given by
Likewise, the Conley-Zehnder indices of γ d and γ d+1 are given by
Our assumption that ind(u 1 ) = 0 is now equivalent to
Here we are using the index formula (2.1) and the fact that c τ (u 1 ) = 0.
Step 2. We now assume that the proposition is false and set up some notation. Let N be a tubular neighborhood of the Reeb orbit γ. By abuse of notation, regard u 2 as a holomorphic curve in R × Y without modding out by R translation. Translate u 2 downward if necessary so that Lemma 3.2 is applicable to s ≥ 0. Fix ε > 0 so that u −1 2 ({0} × N) has distance at least ε from γ. Suppose to get a contradiction that there exists a sequence of J-holomorphic cylinders {u(k)} in M J (γ d+1 , γ d )/R which converges in the sense of [3] to (u 1 , u 2 ). Then for sufficiently large k, the equivalence class
with the following properties:
is a closed disk with two punctures, which is mapped by u to [0, ∞) × N.
(ii) u −1 ((−∞, 0] × Y ) consists of a closed disk D and a half-cylinder C.
(iii) u(C) is contained in (−∞, 0] × N, and u(C) ∩ ({0} × N) is a braid ζ 1 which projects to γ with degree d and has distance at most ε/3 from γ.
(iv) u(D) ∩ ({0} × N) is a braid ζ 2 which projects to γ with degree 1 and is within distance ε/3 of u −1 2 ({0} × N). Also let ζ + denote the braid corresponding to the positive end of u at γ d+1 , and let ζ − denote the braid corresponding to the negative end of u at γ d .
Step 3. We now obtain some inequalities from the previous lemmas. By Lemma 3.5, we have
where ∆ + denotes the count of singularities of u in [0, ∞) × Y . Since ζ 1 is within distance ε/3 of γ, while ζ 2 has distance at least 2ε/3 from γ, it follows that
By Lemma 3.5 again we have
where ∆ − denotes the count of singularities of u| C . Putting the above three lines together gives
By Lemma 3.2(b),(d) and equation (3.5), we have
Since J is assumed generic, applying Lemma 3.2(b),(c) to u 2 and using equation (3.3) gives wind τ (ζ 2 ) = ⌊θ⌋ . 
Putting the above three lines into (3.7) gives
Step 4. We now complete the proof. Combining (3.6) with (3.9) gives
This is impossible because for any positive integer d and real number θ we have ⌊dθ⌋ ≤ dθ < d(⌊θ⌋ + 1). This contradiction completes the proof of Proposition 3.1.
Remark 3.6. One should be able to show more generally that a sequence of cylinders cannot converge to a building as in case (iii) of Proposition 2.8(c) with d 2 arbitrary. To do so, one would need to generalize (3.8) to show that under the assumptions of Lemma 3.2(c) one has equality in (3.2). This would follow if one could show that the first two coefficients in the asymptotic expansion of the end of the holomorphic curve are nonzero, instead of just the first coefficient as in Lemma 3.2(c).
Proof of the main theorem
We now prove Theorem 1.3, after some preliminaries on transversality and gluing.
Automatic transversality
We begin with an automatic transversality lemma. Much more general automatic transversality results are proved in [25] , but we recall the proof of this simple lemma for the convenience of the reader. Let λ be a nondegenerate contact form on a three-manifold Y and let J be a λ-compatible almost complex structure. If u : (Σ, j) → (R × Y, J) is a J-holomorphic immersion (with ends at Reeb orbits as usual), with normal bundle N, then it has a deformation operator
The moduli space of holomorphic curves near u is cut out transversely when D u is surjective, in which case the tangent space to the moduli space can be identified with Ker(D u ). Let h + (u) denote the number of ends of u at positive hyperbolic orbits (including even covers of negative hyperbolic orbits).
Lemma 4.1. Let λ be a nondegenerate contact form on a three-manifold Y and let J be a λ-compatible almost complex structure on R × Y . Let u be a J-holomorphic immersion as above. If the domain Σ is connected with genus g(Σ), and if
then D u is surjective (without any genericity assumption on J).
Proof. Suppose that D u is not surjective. Then there is a nonzero element ψ of the kernel of the formal adjoint
The Carleman similarity principle implies that the zeroes of ψ, if any, are isolated and have negative multiplicity. The asymptotic behavior of ψ which we will describe in a moment implies that the zeroes of ψ are contained in a compact set. It follows that the count of zeroes of ψ with multiplicity, which we denote by #ψ −1 (0), is well defined and satisfies #ψ −1 (0) ≤ 0. Similarly to (3.1), on a positive end at a (possibly multiply covered) Reeb orbit γ, the section ψ has the asymptotic behavior ψ(s, t) = e µs ϕ(t) + O e (µ−ε)s ,
where µ is now a negative eigenvalue of the asymptotic operator L associated to γ. It follows from Lemma 3.4(b) that the winding number of ψ around this end is at least ⌈CZ τ (γ)/2⌉. Together with an analogous calculation for the negative ends, it follows that if u has positive ends at α 1 , . . . , α k and negative ends at β 1 , . . . , β l , then
Since the Conley-Zehnder index of a Reeb orbit is even exactly when that Reeb orbit is positive hyperbolic, we deduce that
CZ τ (β j ). This is the negation of the hypothesis (4.1).
Transversality
We can now establish the transversality needed to define cylindrical contact homology. Some of the following lemma was also proved in [21, §2.3] . To glue, one first translates φ + up and φ − down, then "preglues" them by patching them together using cutoff functions, and finally uses the contraction mapping theorem to perturb the preglued cylinder to a holomorphic cylinder. Every gluing is obtained by taking some pair (φ + , φ − ) satisfying (4.5) and applying the above construction. Up to R-translation of the domain and target, which does not affect the end of the index two moduli space attained by gluing, there are d(γ 0 )/d(u ± ) distinct parametrizations φ ± of u ± satisfying (4.5). This gives d(γ 0 )
